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INTRODUCTION 
Let Q be a (finite-dimensional) semisimple Lie algebra over a field k of 
characteristic 0. A Z-grading of g is a direct decomposition of g (as a vector 
space) into summands, gi, i E Z, such that 
[Qi, Qjl c Qi+j Vi,jE Z. 
The linear map d: Q -+ g defined by d(x) = ix for x E gi and i E Z is 
obviously a derivation of g. Since g is semisimple and char k = 0, every 
derivation of g is inner. Hence there exists an element h E Q such that 
d = ad h. Since g has trivial center, h is unique. We shall say that h is the 
defining element of this Z-graded Lie algebra. 
Conversely if h is a semisimple element of g such that the eigenvalues of 
ad h are integers then it defines a Z-grading of g by setting 
gi = {x E g: [h, x] = ix), iE z. 
Thus we may view Z-graded semisimple Lie algebras over k as ordered 
pairs (g, h), where g is a semisimple Lie algebra over k and h E g is a 
semisimple element such that the eigenvalues of ad h are integers. Indeed, we 
shall do so in the sequel. 
Two Z-graded semisimple Lie algebras (g, h) and (Q’, h’) are considered 
as isomorphic if there exists an isomorphism of Lie algebras fi Q -+ g’ such 
that f(h) = h’. 
The direct product of two Z-graded semisimple Lie algebras (g, h) and 
(g’, h’) is defined by 
(9, h) x (9'9 w = (9 x 9'3 (k h’)). 
* This work was supported in part by NSERC Grant A-5285. 
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The object of this paper is to classify Z-graded real semisimple Lie 
algebras and describe a method which allows us to determine real forms of Z- 
graded complex semisimple Lie algebras. The classification of Z-graded 
complex semisimple Lie algebras is more or less known (see [5, 101) but we 
were not able to find a reference for the explicit statement of our Theorem 1 
(see Section 1) in the literature. Since this theorem is basic for the 
understanding of this paper we have sketched its proof, 
We classify Z-graded real semisimple Lie algebras in Section 2 
(Theorems 2 and 3) and show in Sedtion 3 (Theorem 4) how one can find all 
real forms of a given Z-graded complex semisimple Lie algebra. 
In Section 4 we give a description (due to Vinberg) of a special class of Z- 
graded complex semisimple Lie algebras which are called focaZlyfir,t. They 
are defined by the requirement that dim Q,, = dim Q, . 
In Section 5 we classify the locally flat real Lie algebras. The main 
problem here is to determine all real forms of locally flat complex simple Lie 
algebras. For this purpose we apply the theory developed in Sections l-3. 
1. WEIGHTED DYNKIN DIAGRAMS OF Z-GRADED COMPLEX 
SEMISIMPLE LIE ALGEBRAS 
In this section (Q, h) will denote a Z-graded complex semisimple Lie 
algebra. To such algebra we shall associate a weighted Dynkin diagram, the 
latter being defined as follows. 
DEFINITION 1. A weighted Dynkin diagram is a Dynkin diagram to 
each vertex of which is attached a non-negative integer (its weight). 
We start by choosing a Cartan subalgebra $ of Q containing h. Let R be 
the root system of Q with respect to t, and set 
R(+)=(uER:a(h)>O), 
R(0) = {a E R: a(h) = 0). 
Fix a base B of R contained in R(+). Let A(Q) be the Dynkin diagram of Q 
with respect to b. The vertices of A(Q) are identified with the simple roots, 
i.e., elements of B. To each vertex a E B of d(g) we attach the integer a(h) 
(>O) as its weight. The resulting weighted Dynkin diagram will be denoted 
by A(Q, h). 
THEOREM 1. By associating to each Z-graded coplex semisimple Lie 
algebra (Q, h) a weighted Dynkin diagram A(Q, h) as above, we obtain a 
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bijection from the isomorphism classes of the former to the isomorphism 
classes of the latter. 
Proof. First we have to show that the isomorphism class of d(g, h) is 
independent of the choice of h and B made above. 
Thus let h’ be another Cartan subalgebra of g containing h. Then lj and h’ 
are Cartan subalgebras of the centralizer go of h in g. Hence there exists an 
inner automorphism u of g,, such that a(h) = h’. The automorphism u 
extends to an inner automorphism, say, r, of g such that r(h) = h and 
s(h) = h’. Consequently the choice of h does not affect the isomorphism class 
of &I, h). 
Now let B’ be another base of R contained in R(i). Note that R(0) is 
itself a root system and B(0) = B n R(0) and B’(0) = B’ n R(0) are bases of 
R(0). Let W(0) (resp. W) be the Weyl group of R(0) (resp. R). We shall 
view W(0) as a subgroup of W, and W as acting in both h and its dual 
space h*. There is a unique w E W(0) such that w(B(0)) = B’(0). Since 
w E W(O), we have w(h) = h and consequently w(B) c R(+). Hence w(B) 
and B’ are two bases of R contained in R(+) and such that w(B) n R(0) = 
B’ n R(0). It is easy to see that this implies that w(B) = B’. Consequently 
the choice of B also does not affect the isomorphism class of d(g, h). 
Thus we have shown that to each Z-graded complex semisimple Lie 
algebra (9, h) we have associated a unique isomorphism class of weighted 
Dynkin diagrams d(g, h). It is clear that isomorphic algebras will have 
isomorphic weighted Dynkin diagrams. 
It remains to show that every weighted Dynkin diagram A corresponds to 
some Z-graded complex semisimple Lie algebra. Let A’ be the underlying 
Dynkin diagram ofd. Then A’ is the Dynkin diagram of some complex 
semisimple Lie algebra g. More precisely, if h is a Cartan subalgebra of g, R 
the root system of g with respect to h, and B a base of R then we can 
identify the vertices of A’ with elements ofB. There is a unique element 
h E h such that for all a E B the weight of the vertex a of A is equal to a(h). 
Then (9, h) is a Z-graded Lie algebra and A(g, h) = A. 
This completes the proof of the theorem. 
2. WEIGHTED SATAKE DIAGRAMS OF Z-GRADED REAL SEMISIMPLE 
LIE ALGEBRAS 
In this section (ga, h) will denote a Z-graded real semisimple Lie algebra 
and (9, h) its complexification. By A(g,) we shall denote the Satake diagram 
ofch (see [l], 171, or [ 121). The Satake diagram A@,) is a refinement of the 
Dynkin diagram A(g) of g: the vertices are divided into two groups, white 
and black, and certain pairs of white vertices are joined by curved arrows 
n. 
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DEFINITION 2. A Satake diagram to each vertex of which is attached a 
non-negative integer (its weight), so that all black vertices have weight zero 
and the white vertices connected by a curved arrow have the same weight, is 
called a weighted Satake diagram. 
If d is a weighted Satake diagram then by erasing all curved arrows in d 
(if any) and by ignoring the coloring we obtain a weighted Dynkin 
diagram d’. On the other hand if we ignore the weights in d we obtain a 
Satake diagram d”. We shall say that A’ (resp. A”) is the underlying 
weighted Dynkin diagram (resp. underlying Satake diagram) of A. 
We shall now associate to (ga, h) a weighted Satake diagram A(g,, h) 
whose underlying Satake diagram is A(g,). 
We first recall some basic properties of Cartan subalgebras of real 
semisimple Lie algebras. Thus let @a be a Cartan subalgebra of ga. Every 
element x E lja is semisimple and lja is abelian. The elements x E bR such 
that all eigenvalues of ad x are real form a subspace a called the vector part 
of t)a. Similarly, the elements x E $a such that all eigenvalues of ad x are 
purely imaginary form a subspace t called the toroidal part of $a. 
Furthermore we have $a = t @ a. The dimensions of t and a may depend on 
the choice of $a. The Cartan subalgebras QR for which the vector part a has 
maximal dimension are called minimally compact. All minimally compact 
Cartan subalgebras of ga are conjugate under the action of the adjoint group. 
The defining element h of (ga, h) is real semisimple; i.e., h is semisimple 
and all eigenvalues of ad h are real. Therefore there exists a minimally 
compact Cartan subalgebra lea of ga containing h (see [6, Proposition 2.41). 
Let t)a = t @ a be the decomposition of bR into its toroidal and vector parts 
and observe that in fact h E a. 
Let g,,, be the homogeneous component of degree m of the Z-graded 
algebra (9, h). The complexification Q of t)a is contained in g,, because go is 
the zero eigenspace of ad h and b is abelian. We shall denote by R the root 
system of g with respect o the Cartan subalgebra $. If IJ,, is the real subspace 
of IJ defined by b. = it f a, then R c b,*, where Q,* is the dual of t),,. (As 
usual we identify the complexification of 0: with the dual $* of Ij.) The 
following subsets of R will play an important role in our discussion: 
R(+) = {a E R: a(h) > 0}, 
R(0) = {a E R: a(h) = O), 
R,=(aER:a(x)=OVxEa}. 
It is clear that R(+) 2 R(0) 3 R, and that R(0) and R, are also root systems 
(we allow a root system to be empty). 
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Let u be the conjugation of g defined by its real form gR . For 1 E h * we 
define the element A” E h * by 
l”(x) = W(x)), XE I). 
If a is a root then also a0 is a root. For all a E R and x E a we have 
~ - 
au(x) = a(u(x)) = a(x) = a(x). (2.1) 
Therefore the sets R(+), R(O), and R, are a-invariant. If a E R, then in fact 
a0 = -a. 
We shall denote by u also the maps R + R and R(0) + R(0) defined by 
a-r a”. Then (R, a) and (R(O), ) u are u-systems of roots. For the definition 
of such systems and their basic properties we refer the reader to [ 121. For 
a E R we have a0 - a 6? R by [ 12, Lemma 1.1.3.61. Thus the u-systems of 
roots (R, a) and (R(O), a) are normaE [ 1, p. 2 11. 
Let B be a u-fundamental system of (R, u) such that B c R(+) (see 
[ 12, p. 231). Then B(0) = B n R(0) is a u-fundamental system of (R(O), a) 
and B,=BnR, is a base ofR,. 
We shall identify the vertices of the Dynkin diagram d(g) with the 
elements ofB. The Satake diagram d(ga) is obtained from d(g) as follows. 
First, we decree that the vertices a E B, are black and the other vertices are 
white. Second, for every white vertex a E B -B, there exists a unique white 
vertex a’ such that au - a’ is a linear combination of the black roots (see 
[ 12, Lemma 1.1.3.21). If a #a’ then we connect the pair {a, a’} by a curved 
arrow. When this is done for all such pairs, we obtain the Satake diagram 
4gd. 
To each vertex a E B we attach its weight a(h). These weights are integers 
because h is the defining element of the Z-graded algebra (g, h). We have 
a(h) > 0 because B c R(+). By definition of B(0) we have a(h) = 0 for 
a E B(0). In particular, the weights of all black vertices are zero. If {a, a’} is 
a pair of white vertices connected by a curved arrow then a(h) = a”(h) by 
(2.1) and a”(h) = a’(h) by definition of a’. Consequently by attaching the 
weight a(h) to any vertex a of A(g,) we obtain a weighted Satake diagram 
Ah,, h). 
THEOREM 2. The weighted Satake diagram A(g,, h) constructed above 
is unique up to isomorphism. 
Proof. We have to show that the two choices made in our construction 
do not affect the isomorphism type of A(g,, h). 
First choice was that of a minimally compact Cartan subalgebra hR of gR 
containing the defining element h. Let l)k be another such Cartan subalgebra. 
Then ljR and hk are also minimally compact Cartan subalgebras of the 
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centralizer 9: of h in ga. Since gk is reductive, these two Cartan subalgebras 
are conjugate by an inner automorphism of gk [ 12, Corollary 1.3.1.51. 
Consequently there is an inner automorphism 4 of ga such that 4(h) = h and 
#(bR> = bii* 
Our second choice was that of a u-fundamental system B of (R, u) with 
the property B c R(+). Let B’ be another such a-fundamental system. Let 
W(0) (resp. W) be the Weyl group of R(0) (resp. R). We shall view W(0) as 
a subgroup of W, and we shall view W as acting in both h* and h. The 
subset B’(0) = B’ f7 R(0) is a u-fundamental system of (R(O), a). As shown 
in [ 81 (see also [ 11) there exists w E W(0) such that wu = u’w and w(B(0)) = 
B’(0). Since w E W(O), we have w(h) = h and consequently R(f) is w- 
invariant. Hence w(B) and B’ are two bases of R contained in R(f) such 
that w(B) n R(0) = B’ f7 R(0). It is easy to see that these facts imply that 
w(B) = B’. 
This completes the proof. 
THEOREM 3. Every weighted Satake diagram A is isomorphic to a 
weighted Satake diagram A(g,, h) of some Z-graded real semisimple Lie 
algebra (gR, h). 
ProoJ Let A” be the underlying Satake diagram of A. We can identify 
A” with the Satake diagram A(g,) of some real semisimple Lie algebra gR. 
Choose a minimally compact Cartan subalgebra bR of gR and let QR = t @ a 
be its decomposition into the toroidal part t and the vector part a. Let g, b, 
b,,, R, R,, u be defined as before. Then (R, a) is a u-system of roots and we 
choose a u-fundamental system B of (R, a). The vertices of A” = A(g,) are 
the elements of B and the black vertices are precisely those in B, = B n R,. 
For a E B - B, let a’ be the unique element of B - B, such that a” - a’ is a 
negative integral linear combination of the roots belonging to B,. 
Let h be the element of b defined by the requirement that for every vertex 
a E B we have a(h) = p(a), where p(a) is the weight of the vertex a of A. 
Since p(a)‘s are real for all a E B, we have h E I), = it @ a. Let us write h = 
h’ + h”, where h’ E it and h” E a. We have 
a”(h) = a(u(h)) = a(-h’ + h”) = -a(h’) + a(h”) = a(h) - 2a(h’) 
for all a E B. By definition of weighted Satake diagrams we have a(h) = 
p(a) = 0 for a E B,. If a E B -B, then it follows from the definition of a’ 
that a”(h) = a’(h). But a’(h) = p(a’) = p(a) = a(h), and so a”(h) = a(h) is 
valid for all a E B. Now using the previous equation a”(h) = a(h) - 2a(h’) 
we conclude that a(h’) = 0 for all a E B. Therefore h’ = 0 and h = h” E a. 
Thus (gR, h) is a Z-graded real semisimple Lie algebra and A = A(g,, h). 
It follows from Theorms 2 and 3 that the correspondence which assigns to 
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each Z-graded real semisimple Lie algebra (ga, h) its weighted Satake 
diagram induces a bijection between the isomorphism classes of the former 
and the isomorphism classes of the latter. 
3. DIAGRAMS, COMPLEXIFICATION, AND REAL FORMS 
The following theorem follows immediately from our definition of the 
weighted Satake diagram (resp. weighted Dynkin diagram) of a Z-graded 
real (resp. complex) semisimple Lie algebra. 
THEOREM 4. Let (gR, h) be a Z-graded real semisimple Lie algebra and 
(9, h) its complexification. Then the diagram A(g, h) is the underlying 
weighted Dynkin diagram of the weighted Satake diagram A(g,, h). 
This theorem is very useful because it solves the problem of finding all 
real forms (up to isomorphism) of a given Z-graded complex semisimple Lie 
algebra (9, h). For any weighted Satake diagram A let A’ (resp. A”) be the 
unerlying weighted Dynkin diagram (resp. underlying Satake diagram) of A. 
Then the problem just stated reduces to a simple combinatorial problem of 
finding all A such that A’ = A(g, h). 
We shall illustrate this method on an example. In Section 5 this method 
will be used to find real forms of all simple locally flat complex Lie algebras. 
Thus let A(g, h) be the weighted Dynkin diagram on Fig. 1. The complex 
simple Lie algebra g of type D, has (up to isomorphism) five real forms. 
Their Satake diagrams are given in Fig. 2. 
-0 
1 
2 --=c 
0 
FIGURE 1 
FIGURE 2 
374 DRAGOMIR i. DJOKOVli: 
FIGURE 3 
Let (ga, h) be a real form of (9, h) and d(g,, h) its weighted Satake 
diagram. Diagrams 4 and 5 in Fig. 2 cannot be the underlying Satake 
diagram A” of d(g,, h) because the black vertices must have weight zero. 
It is easy to see that d(g,, h) is one of the diagrams in Fig. 3. Thus (9, h) 
has (up to isomorphism) exactly three real forms. 
4. LOCALLY FLAT COMPLEX SIMPLE LIE ALGEBRAS 
Let (9, h) be a Z-graded semisimple Lie algebra over a field k of charac- 
teristic 0. We denote by g,,, the homogeneous component of g of degree m. It 
follows from [9, Proposition 21 that 
dim g, <dim go (m E Z). (4.1) 
Moreover, it was shown by Vinberg [ 11, Theorem 31 and also by Kac [5, 
Proposition 1.31 that dim g,, = dim g,, and p # 0 imply that g, = 0 for all 
indices m not divisible by p. 
Following Vinberg [9] we shall say that (9, h) is Zocaflyj7ut if
dim g, =dim go. (4.2) 
Every Z-graded semisimple Lie algebra is a direct product of Z-graded 
simple Lie algebras and it is locally flat iff each of these direct factors is 
locally flat. Indeed this follows immediately from (4.1). 
In the remaining part of this section we shall assume that k = C and we 
denote by (9, h) a locally flat Lie algebra. It was shown by Vinberg [ 111 that 
the weight of each vertex of d(g, h) is either 0 or 1. 
The description of locally flat simple complex Lie algebras given below is 
due to Vinberg [9, 111 in the case of classical algebras. We have added the 
description of their weighted Dynkin diagrams. The exceptional algebras 
were dealt with earlier by Dynkin (4, Theorem 10.61. Independently from 
Vinberg, Bala and Carter [2] have also obtained, using different terminology, 
the classification in the classical case. 
For the convenience of the reader we shall give a brief description of the 
locally flat complex simple Lie algebras (9, h) and their weighted Dynkin 
diagrams. This information will be needed in the next section where we deal 
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with the real case. The Z-graded Lie algebra (9, h) whose weighted Dynkin 
diagram has all weights one is always locally flat. Such locally flat Lie 
algebras are called principal. 
Every locally flat Lie algebra of type A, is principal and we shall denote it 
by A(n). If g = A, = sZ(n + 1, C) then the defining element of this locally flat 
Lie algebra can be chosen as the diagonal matrix 
1+2 )...) -+ . 
The weighted Dynkin diagram of A(n) is shown in Fig. 4. 
0 s . . . . -..q&q ( n vertG?s) 
11 11 
FIGURE 4 
The locally flat Lie algebras (9, h) of type B, or D, will be described 
simultaneously. Thus let m = 2n $ 1 (n > 2) or m = 2n (n > 4) and 
g = 4o(m, C) = {X E gI(m, C): ‘XJ + JX= O}, 
where ‘X is the transpose of X and 
J= (4.3) 
Let k, , k, ,..., k, be integers such that 
Let 
k,>k,>.+.>k,>O, 
(2k,+1)+(2k,+1)+...+(2ks+1)=m. 
h = diag(A,, 1, ,..., A,), 
where A, > II, > ..a > A,,, and the eigenvalues A, ,..., I,, taking into account 
their multiplicities, are the integers 
ki, ki - 1, ki - 2 ,..., 1 - ki, -ki (1 <i<s). 
Then (g, h) is a locally flat complex simple Lie algebra which will be 
denoted by B(k, ,..., k,) if m = 2n + 1 and by D(k ,,..., k,) if m = 2n. Every 
locally flat Lie algebra of type B, or D, is isomorphic to one of the algebras 
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just constructed. Note that B(n) and D(n - 1,0) are principal locally flat Lie 
algebras of type B, and D,, respectively. 
The diagonal matrices in g form a Cartan subalgebra h. Using this it is 
easy to see that the weighted Dynkin diagrams of B(k,,..., k,) and 
D(k, ,..., k,) are as shown in Figs. 5 and 6, respectively. 
o-c- . . . . -m 
A, -A, x,-x, x,-,-x, 2X" 
FIGURE 5 
A 
n-1 
c+-dl- . . . . 
X,-A2 x2-x3 
A < n-2 -A n-1 A n-1 
FIGURE 6 
Note that in the case D(k,,..., k,) we necessarily have A., = 0 and 
AI -A, = 1. 
Now we shall construct some locally flat Lie algebras (9, h) of type C,. 
Thus let 
g = sp(2n, C) = {X E gI(2n, C): ‘XK + KX = 01, 
where 
and J E gI(n, C) is of the form (4.3). Let k, , k, ,..., k, be integers such that \ 
k, > k, > .a. > k, > 0, 
k, +k,+.+. +k,=n. 
Let h be the matrix 
h = diag@, ,..., A,, -An,..., --AI) 
such that A, > A, > a.. > A, > 0 and the eigenvalues ;I, ,..., A,,, -A, ,..., -A, of 
h, taking into account their multiplicities, are the numbers 
ki - 4, ki - $ ,..., ; - ki, 4 - ki (1 <i<s). 
Then (g, h) is a locally flat complex Lie algebra of type C(k, ,..., k,). Every 
locally flat complex Lie algebra of type C, is isomorphic to one of the 
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o-s- . . . . *---y---o 
A, -A, x2-x3 A n-l -An n 2X 
FIGURE I 
algebras just constructed. The algebra C(n) is the principal locally flat 
complex Lie algebra of type C, . 
The diagonal matrices in g form a Cartan subalgebra h of g. Using this it 
is easy to see that the weighted Dynkin diagram of C(k, ,..., k,) is as shown 
in Fig. 7. Note that we always have A, = 4 and A, -& = 1. 
This completes the description of the classical locally flat complex simple 
TABLE I 
TABLE II 
Vertices of weight 0 
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Lie algebras and their weighted Dynkin diagrams. More details about these 
diagrams (using different terminology) can be found in [2]. 
We shall follow Bourbaki [3] in the labelling of simple roots of the excep- 
tional complex simple Lie algebras. For the convenience of the reader we 
specify these labels in Table I. 
In particular the arrow in the diagrams of F4 and G, is directed from a 
long to a short root. (Vinberg’s convention in [9, 1 l] is just the opposite.) 
There are 26 isomorphism classes of exceptional locally flat simple 
complex Lie algebras. Their weighted Dynkin diagrams are determined by 
specifying the weights of the vertices of the corresponding Dynkin diagram. 
Since these weights are all 0 or 1 it suffices just to list all vertices of 
weight 0. This is done in Table II for all 26 cases. 
5. LOCALLY FLAT REAL SIMPLE LIE ALGEBRAS 
Let us consider first a Z-graded real semisimple Lie algebra (gR, h), where 
gR is obtained from a complex semisimple Lie algebra g by restricting 
scalars. Then (g, h) is a Z-graded complex semisimple Lie algebra and it is 
clear that (gR, h) is locally flat iff (g, h) is locally flat. 
THEOREM 5. Let (gR, h) and (gR, h’) be two Z-graded real semisimple 
Lie algebras of the type considered above. Then 
(gR, h) z (gR, h’) 0 (g, h) r (9, h’). 
Proof. The implication c is trivial. To prove the implication * we 
consider the weighted Satake diagrams d(gR, h) and d(gR, h’). We know that 
these diagrams are isomorphic. On the other hand we.can describe d(gR, h) 
in the following way. We take two copies of the weighted Dynkin diagram 
d(g, h), and denote them by A’ and A”. For each vertex a of A(g, h) let a’ 
and a” be the corresponding vertices in A’ and A”, respectively. Then 
A(gR, h) is isomorphic to the weighted Satake diagram which is disjoint 
union of A’ and A” with curved arrows added to connect each pair (a’, a”) 
of corresponding vertices of A’ and A”. A similar description of A(gR, h’) in 
terms of (g, h’) is valid. It is now clear that (gR, h) z A(gR, h’) implies 
A(g, h) g A(g, h’). Consequently, by Theorem 1, (g, h) E (g, h’). 
Every locally flat real simple Lie algebra is either of the form (gR, h) or of 
the form (gR, h), where (g, h) is a locally flat complex simple Lie algebra and 
gR is obtained from g by restriction of scalars while gR is a real form of g. 
The classification of the former types is trivial in view of Theorem 5. It 
remains to classify the latter types. 
The problem can be easily solved because we know the weighted Dynkin 
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FIGURE 8 
diagrams d(g, h) and it remains to apply Theorem 4. Thus our job is to find 
all weighted Satake diagrams A such that the underlying weighted Dynkin 
diagram A’ of A coincides with A(g, h). We shall denote by A” the 
underlying Satake diagram of A and by ga the real form of g corresponding 
to A”. 
We make two remarks. First, ga cannot be a compact real form of g 
because the defining element h is real semisimple. Second, we can always 
choose A = A’ = A(g, h) and then gR is the split (normal) real form of g. 
In view of these remarks we shall exclude the case A = A’ = A(g, h) from 
further considerations. 
Let (g, h) be of classical type, i.e., one of the following: 
A W3 n> 1; 
w, r..., k,), 2(k, + ... +k,)+s=2n+ 1, n>2; 
W ,,..., k,), k,+...+k,=n>3; 
Wk, ,..., k,), 2(k, + ... + k,) + s = 2n, n > 4. 
(i) (g, h) = A(n). Since all weights in A’ = A(g, h) (see Fig. 4) are 
ones, A has only white vertices. By inspection of the possibilities for A” 
(see ] 121) we conclude that A is one of the diagrams shown in Fig. 8. More 
precisely, A = A, if n (22) is even and A = A, if n (23) is odd. Thus gRg 
su(p, q), where p + q = n + 1 and p - q = 0 or 1. 
(ii) (g, h) = B(k, ,..., k,). Now A’ = A(g, h) is shown in Fig. 5. Taking 
into account the possibilities for A” (see ] 12]), we conclude that A must have 
the form shown in Fig. 9, where 1 < q < n - 1. Since the black vertices have 
weight zero, we have 1, = 0 for q < r < n, or equivalently 
Since 
s>2(n-q)+ 1. (5.1) 
2(k, + ... + k,) + s = 2q + [ 2(n - q) + 11, 
condition (5.1) is equivalent to 
k, + ... + k, < q. 
Note that gR r 5o(p, q), where p + q = 2n + 1. 
(5.2) 
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p . . . -.q- . $-Yo 
A, -A, x,-x, X,-A,-, - 
“-0 
FIGURE 9 
(iii) (g, h) = C(k, ,..., k,). Now A’ = A(g, h) is shown in Fig. 7. Since 
A, -A, = 1, the first vertex of A” cannot be black. Thus there is no A in this 
case. (Recall that we have ruled out the split case.) 
(iv) (9, h) = WI ,..., k,). Now A’ = A(g, h) is shown in Fig. 6. Since 
A, -A, = 1, the first vertex of A” cannot be black. Therefore A” cannot be of 
type DIII (see [ 121). Assume that A” is of type DII. Then all vertices but the 
lirst are black and so we must have A, = 1, = . . . = A, = 0. It follows that 
k, = A, = 1 and s < 2, which is impossible. Hence A” must be of type DI and 
so A is one of the diagrams shown in Fig. 10 or the diagram in Fig. 11. Since 
the black vertices in Fig. 10 must have weight zero, we conclude that in these 
cases&+,=&+,=... = A,, = 0. This is equivalent to the condition 
s > 2(n - q). (5.3) 
Since 
2(k, + ..+ + k,) + s = 2q + 2(n - q), 
condition (5.3) can be replaced by 
k, + ... + k, < 4. (5.4) 
When A is one of the diagrams in Fig. 10 then ga E so(2n - q, q) and in 
the case of the diagram in Fig. 11 we have ga z so(n + 1, n - 1). 
This concludes the consideration of the classical cases. In the exceptional 
cases it suffices to compare our Table II with the list of Satake diagrams A” 
of non-split real forms of exceptional complex simple Lie algebras. It turns 
out that there are only two possibilities shown in Fig. 12. The corresponding 
< 
0 
0 
o---c--- . . . -,a . . . 
A, -A, X2-X3 A, -A,-, 
0 
2 5 q 5 n-2 
FIGURE 10 
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@-.-c- . . . 
Al-b X2-h A <I 
A 
n-1 
n-2 -A n-1 A n-1 
FIGURE 11 
FIGURE 12 
algebras (ga, h) are denoted by I$,$, and Ej$,, respectively. The subscript in 
the parentheses is the Cartan index of the real form ga. 
We summarize the results obtained above in the following theorem. 
THEOREM 6. Let (9, h) be a locally flat complex simple Lie algebra. 
Then its real forms (gR, h) are speciJied (up to isomorphism) by their 
weighted Satake diagrams A = A(g,, h): We have either A = A(g, h) (in that 
case gR is the split real form of g) or A is one of the diagrams in Fig. 8-12. 
(For diagrams in Fig. 9 resp. 10 condition (5.2) resp. (5.4) should be 
satisfied.) 
In conclusion let us remark that two weighted Satake diagrams A, and A, 
may be non-isomorphic although A’, z Ai and A: z A;. Equivalently, two 
real forms (gR, h) and (gk, h) of a Z-graded complex semisimple Lie algebra 
(9, h) may be non-isomorphic although gR 2 gk. But it is easy to check that 
this cannot happen in the case when g is simple. 
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